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Abstract. A bilateral teleoperation system comprises a network of two
manipulators, with the primary objective of achieving position synchro-
nization between them. This paper proposes a novel continuous-time
finite-time (FT) controller to solve the problem of bilateral telecoperation
for a class of fully-actuated Euler-Lagrange (EL) systems in joint space.
For this, the control law is desigued to ensure global asymptotic stability
(GAS) and then, finite-time stability (FTS) through a homogencous ap-
proximation of negative degree. To handle the external forces that arise
from environmental interactions, it is assumed that these forces define
passive velocity-to-force maps, enabling the proof of bounded position
errors and velocities. The resulting controller is an easy-to-implement
proportional plus damping injection (P+d) scheme with a gravity can-
cellation term. Experimental results with a teleoperation system com-
posed of two robotic manipulators with six Degrees-of-Freedom (DoF')
are presented to validate the performance of the proposed scheme.
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1 Introduction

A bilateral teleoperation system consists of the interconnection of a local and a
remote manipulator, where the interaction of external forces should be consid-
ered [3]. As it is typically described, a human operator interacts with the local
manipulator to change its position, then, this interaction is transmitted to the
remote manipulator in order to mimic the movements of the local. The result
of this collaboration, is to extend the capabilities of the operator to control the
behavior of a remote manipulator in order to execute task in another location,
which is considered prone to environmental disturbances.

To this day, teleoperation system have been of particular interest in engi-
neering due to its large amount of applications [10,15], with notable success in
the medical industry |7]. As a result, numerous studies have addressed the tele-
operation problem. However, most existing solutions only guarantee asymptotic
stability (AS) [L1,9, 11].
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This work focuses on controllers that achieve finite-time stability (FTS).
In addition to their convergence properties, finite-time controllers offer faster
transient responses, improved precision, and enhanced robustness compared to
conventional asymptotic controllers |5]; These advantages make finite-time con-
trollers particularly appealing for teleoperation systems, motivating the devel-
opment of novel control strategies to leverage these benefits.

Current F'T solutions are mostly based in discontinuous controllers, in par-
ticular, the sliding-mode technique: among these works it is possible to find
controllers that only ensure FT convergence to a vicinity or the origin [6,16],
while solutions that achieve global F'T convergence are not that common |14, 17;
in any case, the main disadvantage of these controllers is the chattering effect
that ends to deteriorate the systems actuator due to its aggressive control law
[12]. Solutions using a continuous-time control law are found in 8, 18|, but again,
they only ensure FT convergence to a vicinity of the origin.

This paper presents a continuous-time control solution that ensures glohal
finite-time convergence. The proposed controller combines a proportional term
for position error, a damping injection term, and gravity compensation to cancel
gravitational effects. Under the assumption that the remote environment and the
human operator define passive velocity-to-force maps, it is demonstrated that
while external forces act on the system, the position error between the local and
remote manipulators, as well as their velocities, remain bounded. On the other
hand, in the absence of external forces, hoth the position error and the velocities
converge to zero in finite-time. To test the performance of the controller, it is
presented experimental results from a teleoperation system composed of two
Kinova® robots with six DoF, furthermore, it is also presented a comparison
against a similar asymptotic scheme.

2 Foundations

This article uses the following notation:

— R = (—00,00); Ryp :==[0,00); N:={1,2,3,...}; and n := {1,2,...,n} for
all n € N.

— For 2 € R, |z is its absolute value. For x € R™ : m € N, ||x|| refers to the
Euclidean norm.

— For all § € Ryq. Bs := {x € R™ : ||x|| < 4} and S;"_l ={xeR™: ||x| =
d}, are an open ball and a sphere of dimension 7 — 1, respectively, with their
center in the origin and a radius of 4.

A function £(¢) : Rso = R™ is said to be class C*, for all k € N, if its
derivatives f, .t:(t), ... ) exist and are continuous.

For all z € R and p € Ry, we define the function signed power [z|? : R — R
as an odd strictly increasing function [z |P := |z|Psign (), where sign () is the
standard stgn function. The signed power function have the next properties:

Property 1. For each p € [0,1), [z]P is differentiable Vx # 0, [z]|P € C! if
pe[1,2) and [z|? € C? if p € (2,00).
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Property 2. O, [«|P = plz|P~ and O, |«|? = p[a|P~t, Va # 0.

2.1 Finite-time Stability
Consider a dynamic system described by
x=f(x), x(0)=x9 (1)

where x € R™ is the state vector, £ : R™ — R™ is the continuous vector field
asociated, and m € N. Assume the origin is the equilibrium point, i.e. £(0) = 0.

Definition 1. The origin of (1) is finite-time stable if it 1s Lyapunov stable
and if ewxists a local-bounded function T : Bs + Ry (called the settling-time
function) such that for each xo € By \ {0}, every solution x(t,xo) of (1) is
defined in L € [0,T(xg)) and x(t,x0) = 0 for all t > T(xo). If Bs =R™, x=0
is globally FTS [4.5].

Definition 2. Let’s define r; > 0, i € m as the weights of the elements x; of
x € R™, and the vector of weights v := [r1,....7m] 7 € R™. Also, it is defined
the dilation operator AY, such that AYx = [€"ay, ..., x| . A function V :
R™ — R (resp. a vector field £ : R™ — R™) is r-homogeneous of degree | € R,
or (r.l)-homogeneous, if for all ¢ € Ryg and x € R™ satisfies the equality
V(Arx) = €V (x) (resp., f(A'x) = € ATF(x)). The system (1) is colled (r,1)-
homogeneous if the vector field £ is (r,l)-homogeneous [2/.

Lemma 1. Consider the system (1) with f(x) = fy (x)+fy g (x). Suppose £y (x)
s a continuous vector field (r,l)-homogencous such that £r7(0) = 0 is a locally
asymptotically stable (AS) equilibrium point of %X =ty (x). Assume tny(x) is a
continuous vector field that £y (0) = 0 and the next vanishing condition

lim e fp, (A7) = 0

is uniformly satisfied with respect to x € S;”_l for 6 € Rug and all i € m. Then,
the origin of (1) is locally AS. Also, if | = 0 and every r; = 1, the origin is
locally and exponentially stable (15S); and if | < 0, the origin is I'TS [2].

Lemma 2. Assume that the system (1) admits an homogeneous approximation
of the form % = £ (x) such that he vector field £ (x) is (r,l)-homogeneous and
x =0 25 AS. Also, if x = 0 is globally AS for system (1), then, the origin of (1)
is globally AS and locally ES if L =0 yr; = 1; and it is globally FTS if [ < 0.

Remark 1. In the stability proofs, the resulting closed-loop system can be writ-
ten as (1), and always can be separated into homogeneous and not homogeneous
terms. Then, f7;(x) always can be found in such a way that the system (1) is con-
verted to X = fy (x) + iy g (x). In this case, fypy (x) = f(x) —fx (x), and the van-

& : —1 ry—1 r o =
ishing condition is equivalent to 5123(1),(;1}3_1 le=(A8) ~HE(Azx) — £ (x)]| = 0.
e
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2.2 The Dynamic Model

The local and remote manipulators that constitute the teleoperation system are
modeled as a set of rigid links connected in series with 7 fully-actuated revolution
joints that allow the movement in n degrees-of-freedom. The Euler-Lagrange
equations that describe the dynamic of each manipulator are:

Mi(qi)d + Cilar, @) + Vo lhi(ar) = 71+ 7,

b iy (2)
M., (qqf')(h- + C. (Ch"» qT)Qr + VunT(qT) =Tr~+ Te,

where q;,q; and q; € R" with ¢ € {l,r} are the joint position, velocity and ac-
celeration, respectively. M;(q;) € R™*" is the inertia matrix, C;(q,, ;) € R™**"
the Coriolis and centrifugal forces matrix, defined by the Christoffel symbols
of first kind. U; is the potential energy for each manipulator, 7; € R™ are the
control signals, 7, € R™ and 7. € R™ are the joints forces caused by the human
operator and the environmental interactions, respectively. The previous model
has the following properties:

Property 4. Fxist strictly positive constants my; y ma;, such that my; < M;(q;) <
ma;, for all q; € R™ for i € {I,r}.

Property 4. The matrix Mi(qi) —2C;(ay, ;) is skew-symmetric and exist L; >
0 such that ||Cb(q5c'1,)('.1¢|| < LLLHQLHQ

Also, we make the following assumption, which is ubiquitous in the control
of teleoperation systems via passivity-based techniques [11].

Assumption 1. The human operator and the environment define passive (ve-
locity to force) maps, this is, there exist r; and . € R>o, such that:

[[al@riiorio <m, [ al@)ra(oyio < n. @)
J0 Jo

far allt > 0.

3 The Teleoperation System

3.1 Problem Statement

For a teleoperation system define as (2), the objective is to design a controller
that ensures that the position error between manipulators and their correspond-
ing velocities remain bounded, i.e., q; — q,, ;. & € L. Then, when this forces
vanishes (7, = 7. = 0), both manipulator must reach a constant consensus
position, this is, there exist a constant q, € R™, such that:

lim (1) = qu, lim q;(t)| =0 4
H’:;(qv‘(n)m(m)q‘() A H'w(qim),qi(0>)|q1()| ' )

where i := {I,7} and T;(q,(0), ¢;(0)) < oo is a settling-time function.
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Considering this, the following control law is proposed:

T = —Ki[a —q. ™ = Bi[a]"” + Vg lUi(a),
= —Kilar — @™ = B[4 " + Vg, Ur(qr),
where K, K, € Ry are the proportional gains; B, By € R.o are the damping
injection gains; and the coefficients py, pr € (0,1) are the key to guarantee FT
stability, and are defined as:

(5)

27’2 — 1 27"2 Sl & |
y=—— pE=——7j (6)
Ty Ty
with 7y, ro € Ry satisfying:
2rg > 11 > 19 > 0. (7)

With this, the control law (5) solves the finite-time teleoperation problem.
Before presenting the proof of this claim, it is important to notice that showing
global FT convergence to (4) is equivalent to prove global FTS to:

(ql — 4, (-llr q.?”) = (0‘ 07 0) . (8)
Now, we are ready to present the main result of this work.

Proposition 1. Consider the bilateral teleoperated system (2), set the control
law (5) with Ty, and T. meeting Assumption 1, choose py and pr as in (6) and
(7), then:

A. Position error and velocities remain bounded q; — q,, 41, qr € Loo-
B.  In addition, if 7, = 0 and . = 0, then, the equilibrium point (8) is globally
FTS.

Proof. Consider the following non-negative function V(t), which is in function
of the coordinates of the equilibrium point (8):

-

1 K, ‘
4/ My + ——4, M,.4, - (etr — ) T [z — @1 |

I
2 QK pu+1
K =7, K
+EPFK?%—A (a7 ()+E:m(ﬂ74))da

Then, use Property 4 and evaluate (9) along the system trajectories (2):

V(t) =

(9)

vm=4mﬁm“ffﬂ a7 [4-]7% <0. (10)

Now, time-integrate V(t) from 0 to t and get:

V(t) - V(0) = — /{: (BlQ! [ar !

and notice that the term inside the integral in (11) is always non-negative, mak-
ing possible to find an upper-bound for V(t) as:

V(t) < V(0) < 0

B4, {qTJpF) do, (11)



78 | Emerging Trajectories. Advances in Cyber-Physical Systems, Biorobotics. ..

this implies that vectors q; — q,, Qi, Q» € L, proving conclusion A of
Proposition 1.

Now, we consider the case of no external forces, for this, take equation (9)
with 7 = 0 and 7. = 0, and also consider x; = 0 and &, = 0:

Vi) = 30T M+ e Mg+ — - a)Ta e, (2)
as before, taking the time-derivative of V({) leads to the same expression (10).
Then, using LaSalle’s Invariance Principle we can conclude global AS of (8).

To achieve global FTS it is necessary to prove that the teleoperation system
along with the controller admits and homogeneous approximation of negative de-
gree. First, we will express the closed-loop system in a state-space representation
Y x =f(x) as follows:

& =
élr =(-]r

a=-M(q+ q*)[Kz [ — @ |™ + B[ |PF + Ci(qy + q*,fiz)f]z]

dr =~ M; (@ + a0) [Kr @ — @™ + Bl 7% + Cr (@ + a,60)ir
(13)
where q; = q; — 4« y Q» = q» — Qs are the errors between the joint position
of each manipulator with respect to the consensus position.

Now, we split £(x) into homogeneous and non-homogeneous terms, such that
f(x) = fr(x) + fnn(x), where f5(0) = 0 must be an AS equilibrium point
for system Yy : X = fy(x) and be homogeneous of negative degree. So, the
homogeneous system Yy is selected this way:

aQ =<
(lr = (1‘1‘

= =M () [ Kif@ — @™ + Byl | (14

G = —M; (@) [Ko[@r — @™ + By, )77]

and the homogeneity weights r = ['rl T ry 7"2] are asigned to the vector field.
This choice gives that Xy is (r, 79 — 71 )-homogencous and, if 71 and ry meet (7),
then it is homogeneous of negative degree.

The next step is to prove that £z (0) = 0 is AS, for this, consider the following
function, which is the homogeneous version of (9):

1 T I\/-j I I(l S
= —q My(a) @ + ——& M, (q) . ™ (1
Vi = 5 Mul@n)a + g3y Mo(a)ar + = (ar — ) [ —arJ™ (15)
and its time-derivative gives:
Vg = -Big/ [a)"” — 7=B,4, [4.]P7 <0 (16)

Koy



Result on finite-time teleoperation of robotic systems| 79

and using LaSalle’s Invariance Principle it is proved that (8) is AS for Y.

The last step is to prove that X' is a valid homogeneous approximation of
system Y. For this, it is requiered that the non-homogeneous terms fyy (x) =
£(x)—frr(x) meet the vanishing conditions. To start, notice that the first elements
fnvpg1 = 0 and fype = 0 already satisty this conditions. Then, using algebra
manipulations we can obtain the following expression for £ r3:

fyvms =— [MF](QZ + Qi) — M;W‘L)] [Ki|qr — a, )™ + Bi[q]""]
— M; (@ + @) Cr (@ + s )

To prove that fy s meets the vanishing conditions, we will prove that each
element inside it also meets them, starting with the first element:

M+ g) = My (@] (K€ @ — € @)™ + Bife )|
lim

e—0 e2ra—r1

here, notice that K[ q; — €q, |P* = "PUK[q; — Q)P and B;[e™q;|P7 =
€"2PF B[ ¢ |PF and, if (6) holds, we get:

lim [| (M7 (" + a.) — M7 ()] (K& - &)™+ Bifalr|
= | [M; (aw) = My Y (aw)] [Ki[@ — & P + Bi[au]?”]|| = 0.
Using Property 3 and 4 we can shown that the second term in fi g3 also vanishes:

M7 (7 & + @) Co(€™ & + Qs €2dn) ™4y

!% 62?”2—7"1
o 7 Hqu[”:z - I . 12 li T — ()
< 61_13-61,‘,7)2 662727_71 = Male Hq[H EE;I[I]E -

Lastly, it only rest to prove that the non-homogeneous term fy 4 meets the
vanishing conditions:

fvms = — [M; 1@, +a.) — M7 (au)] (K@ — @)™ + B[4, ]
~M; & + 9.)Cr(&r + as, &)ér

which proof follows the same steps as fymps. With this, it only rest to invoke
Lemma 2 to finish the proof of conclusion B and Proposition 1.

4 Experimental results

In this section, we present a comparison between the controller described in
Proposition 1 against the well-known linear P+d controller with gravity cancel-
lation |13]. For this, we used a six DoF teleoperation system composed of a local
Kinova® Gen3 Ultra-lightweight and a remote Kinova® Gen3 Lite robotic arm.
The experimental procedure consists in the following stages:
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— First, both robots start at different positions, ¢ = [—20, 10, 20, 0, 20, 30]
for the local robot and ¢» = [0,25,35,10, —10, D]l—go for the remote.
Then, the teleoperation system will try to minimize the position error be-
tween the robots, driving them to a consensus position.

UL
180

— Finally, when the robots reach a common constant position, a human oper-
ator will apply external forces on the robots, showing the bounded behavior
of the teleoperation system and the tracking capabilities of the controller.

Since the robots are composed of different motor sizes, it was necessary to
set individual gains for each joint. The controller’s gains selected for the ex-
periments are: K, = [3,17,4,1.5,1.5,1.5], B, = [0.5,0.3,0.3,0.1,0.2,0.1], K; =
[15,15,15,15,15,15], By = [2,2,2,2,2,2], r; = 1.5 and r9 = 1. For the linear
scheme, we used the same gains K}, K., B; and B,.

We started by testing the linear scheme. In Figure 1, we present the evolution
of the joint position during the test for both manipulator. For the first 20 second
of the experiment, it is observed how both robots tried to reach a consensus
position, but ended in a steady state error. After 20 seconds, external forces
were introduced in the system, showing lack of tracking capabilities for the linear
scheme. Then, at 50 seconds the external forces ceased; however, the robots were
not able to reach a common position.
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Fig. 1. Lincar scheme: joint position for the local and remote robot.

In Figures 2, 3 and 4, we present a graph of the joint position of the robots
and their corresponding velocities during the experiment that use the controller
presented in Proposition 1. In the first 10 second, we see that both robots started
at different. positions and quickly reached a consensus position. After 10 seconds,
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we introduced external forces in every joint, where it can be seen that the con-
troller was able to keep their positions synchronized with minimal error. Then,
when the forces disappeared at around 40 seconds, both robots reach a consensus
position again.

o

T
g
=g
c
Kol
-E 0.5} — 1 1 e
o —a (t) 04" —qua(t) 06 —quy(t)
J —an(t) | I —ar(t) —dry(t)
! ' 05! . ' 08! -
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

—as(t)
T 0 —ar(1) |
i
E i
e -04 i —a(t) ||
arg (1)
0.6 Rl
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Time [s] Time [s] Time [s]

Fig. 2. Finite-time schewe: joint position for the local and remote robot.

5 Conclusions

This article proposed a continuous finite-time controller for bilateral teleoper-
ation of fully actuated Euler-Lagrange systems. The control scheme, based on
a proportional plus damping injection (P+d) approach with gravity compen-
sation, ensures global finite-time convergence under the assumption of passive
human-operator and remote-environment interactions. The theoretical analysis
demonstrates that the position error and velocities remain bounded in the pres-
ence of external forces, while converging to zero in finite-time in their absence.
Experimental results with a 6-DoF teleoperation system validate the effective-
ness of the proposed controller, showcasing improved performance compared to
a traditional linear P+d scheme. Future work will address practical challenges,
such as the absence of velocity measurements and actuator force limitations.
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